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Abstract. Let s(n) denote the sum of proper divisors of an integer n. In 1992, Erdős, Granville, Pomer-
ance, and Spiro (EGPS) conjectured that if A is a set of integers with asymptotic density zero then s−1(A)
also has asymptotic density zero. In this paper we show that the EGPS conjecture holds when A is taken
to be a set of integers with missing digits. In particular, we give a sharp upper bound for the size of this
preimage set. We also provide an overview of progress towards the EGPS conjecture and survey recent
work on sets of integers with missing digits.

1. Introduction

Let s(n) denote the sum-of-proper-divisors function, i.e., s(n) =
∑

d|n,d<n d. The function s(n) has been
studied since the time of the ancient Greeks. Indeed, the perfect numbers are those integers n for which
s(n) = n. The Greeks also spoke of integers as being deficient if s(n) < n and abundant if s(n) > n.

It is natural to wonder how the function s behaves when applied to various inputs. One surprising
feature is that s can map sets of asymptotic density1 zero to sets with positive asymptotic density. For
example, consider the set A as the set of numbers pq, where p and q are distinct primes.

Then #(A ∩ [1, x]) ≪ x(log log x)/ log x implies that A has asymptotic density zero. Moreover, Mont-
gomery and Vaughan [20] showed that the number of even integers less than x which are not the sum of
two primes is at most x1−δ for some δ > 0 and recently, Pintz [22] proved that δ = 0.28 is an admissible
explicit value. Since s(pq) = p+ q+1 for distinct primes p and q, it follows that s(A) contains almost all
odd numbers, which allows one to conclude that s(A) has asymptotic density 1/2.

In addition to studying the images of various sets A under the function s, one can also consider what
happens when taking s−1(A). The preimages can also be a bit surprising. For example, there are sets of
integers with positive density whose preimages under s have asymptotic density zero. In fact, Erdős [10]
demonstrated that there are sets A of positive asymptotic density for which s−1(A) is empty.

In 1992, Erdős, Granville, Pomerance, and Spiro made the following conjecture that we will later refer
to as the EGPS Conjecture.

Conjecture 1.1. [11, Conjecture 4]
Let A be a set of integers with asymptotic density zero. Then s−1(A) also has asymptotic density zero.

The full EGPS Conjecture is still open today. However, it has been confirmed for certain specific sets
A. The following theorems give some examples of these sets. First, Pollack took A to be the set of primes.

Theorem 1.2. [24, Theorem 1.11] If A is the set of primes then #(s−1(A) ∩ [1, x]) = O
(

x
log x

)
, for all

x ≥ 2.

1If S is a subset of the natural numbers, then the asymptotic density of S is given by

lim
x→∞

1

x
#{n ≤ x : n ∈ S},

provided that this limit exists.
1
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In the opposite direction, for sets of integers with ‘many’ prime factors, Troupe proved the following
theorem.

Theorem 1.3. [30, Theorem 1.3] Let ω(m) denote the number of distinct prime factors of an integer m.
For any fixed ϵ > 0, if

A = {m : |ω(m)− log logm| > ϵ log logm}
then s−1(A) has asymptotic density zero.

In other words, not only are numbers with a lot more than the “normal” number of prime factors
rare, their preimages under s are rare as well. This theorem implies that log log n is the normal order
of ω(s(n)). Very recently, Pollack and Troupe [27] have improved this, showing that ω(s(n)) satisfies an
Erdős–Kac-type theorem. This signifies that ω(s(n)) asymptotically has a normal distribution with mean
and variance log log n.

There are several other sets A whose preimages under s have been studied in recent years. For example,
Pollack considered the case where A is a set of palindromes.

Theorem 1.4. [23, Theorem 1] If A is the set of palindromes in any given base, then s−1(A) has asymp-
totic density zero.

In another work, Troupe took A to be the set of integers representable as a sum of two squares.

Theorem 1.5. [31, Theorem 1.2] Let A be the set of integers n ≤ x that can be written as a sum of two
squares. Then #(s−1(A) ∩ [1, x]) ≍ x√

log x
.

Note that Troupe obtains both upper and lower bounds; most of the aforementioned papers only obtain
upper bounds. In general, it is difficult to obtain nontrivial lower bounds. Another recent result, due to
Pollack and Singha Roy, shows that k-th power-free values of n and s(n) are equally common.

Theorem 1.6. [26, Theorem 1.3] Fix k ≥ 4. On a set of integers with asymptotic density 1,

n is k-free ⇐⇒ s(n) is k-free.

The squarefree and cubefree cases remain conjectural. In a slightly different direction, there is a recent
result by Lebowitz-Lockard, Pollack, and Singha Roy which shows that the values of s(n) (for composite
n) are equidistributed among the residue classes modulo p for small primes p.

Theorem 1.7. [17, Theorem 1.3] Fix A > 0. As x → ∞, the number of composite n ≤ x with s(n) ≡
a (mod p) is (1 + o(1))x/p, for every residue class a (mod p) with p ≤ (log x)A.

In the present paper, we consider the preimages under s of a new set A, namely, the set of integers
with missing digits. We will elaborate more on these integers in Section 2. In particular, we will give
some historical background and define the notation carefully. For now, we briefly discuss our main results.
We show that the EGPS Conjecture holds for sets of integers with missing digits. Moreover, we prove a
quantitative version of this result.

Theorem 1.8. Fix g ≥ 3, γ ∈ (0, 1), and a nonempty set D ⊊ {0, 1, . . . , g − 1}. For all sufficiently
large x, the number of n ≤ x for which s(n) has all of its digits in base g restricted to digits in D is
O(x exp(−(log log x)γ)).

Note that s(p) = 1 for all primes p. Then whenever the set D contains 1, it follows that the size of
the preimage set of D has π(x), the prime counting function, as a lower bound. Since π(x) ∼ x

log x as
x → ∞, we see that Theorem 1.8 is essentially optimal in the sense that the constant γ ∈ (0, 1) could not
be replaced by a constant strictly greater than 1.
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Our main tool in the proof of Theorem 1.8 is an upper bound for the number of positive integers n ≤ x
such gk ∤ σ(n) when gk is a large integer. Note that it was proved in [33, Hauptsatz 2] that the set of such
integers has asymptotic density zero for fixed modulus gk. By [28, Theorem 2], such a result can be made
uniform in the modulus, see [24, Lemma 2.1], stated as Lemma 3.3 below. By sacrificing the uniformity,
we obtain the following stronger upper bound.

Lemma 1.9. Let g ≥ 3 be a given integer. Let γ, δ ∈ (0, 1) and A > 0 also be given. Then for integers
k ∈ [log3 x,A(log2 x)

γ ], we have ∑
n≤x

gk∤σ(n)

1 ≪ x exp
(
− (log2 x)

δ
)
,

where the constant implied by the ≪ notation depends on the choices of g,A, γ, δ, and logj x denotes the
jth iterate of the logarithm function.

As this lemma does not rely on any facts about integers with missing digits, it may also be useful in
other contexts.

The proofs of all of the aforementioned theorems make crucial use of the special forms that the numbers
in these sets possess. The methods do not generalize to arbitrary sets with asymptotic density zero. In a
different direction, the EGPS Conjecture has also been shown to hold for all sets of n ≤ x with cardinality
up to about x1/2. More precisely we have the following theorem by Pollack, Pomerance, and the last
author, where the result is uniform in the choice of the set as long as its size is small.

Theorem 1.10. [25, Theorem 1.2] Let ϵ = ϵ(x) be a fixed function tending to 0 as x → ∞. If A ⊂ N
with #(A ∩ [1, x]) ≪ x1/2+ϵ(x) then s−1(A) has asymptotic density zero.

As a corollary, one can obtain (for example) that if A is the set of squares up to x then s−1(A) has
asymptotic density zero. Similarly, one can use Theorem 1.10 to prove that the preimage of a set of
integers with ‘many’ missing digits has density 0. For example, if we remove at least half of the possible
digits then the size of the set of integers with missing digits will be O (

√
x), and thus this is handled by

Theorem 1.10. One can also deduce Theorem 1.4 as a corollary of Theorem 1.10, since the number of
palindromes less than x is O (

√
x).

Notation and conventions. Throughout this paper, we will write #S to denote the number of elements
in a set S. We will use σ(n) to denote the sum-of-divisors function, defined by σ(n) :=

∑
d|n d; φ(n) to

denote the Euler φ-function for a positive integer n, defined by φ(n) := #{1 ≤ j ≤ n : gcd(n, j) = 1}; id
to denote the identity function; and ω(n) to denote the number of distinct prime factors of an integer n.
We let µ(n) be the Möbius function defined as

µ(n) :=

{
(−1)r, ifn = p1 · · · pr with distinct primes pi,

0, if there exists a prime p such that p2 | n.

For arithmetic functions G and H, the convolution G ∗H is defined by

G ∗H(n) :=
∑
ab=n

G(a)H(b),

for any positive integer n.
For two real functions F and G where G is a nonnegative valued function, we say that F (x) = O(G(x))

if there exists a positive constant C and a real number x0 such that |F (x)| ≤ C|G(x)| for all x ≥ x0 and
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F (x) = o(G(x)) as x → a if

lim
x→a

F (x)

G(x)
= 0.

We will also at times use Vinogradov’s notation ≪ as an alternative to Landau’s Big O notation. Namely,
F ≪ G denotes that F (x) = O(G(x)). Similarly, ≫ is used to denote the parallel notion with the
inequalities reversed in the Big O definition. We write F ≍ G when there are positive constants C1 and
C2 such that C1|F | < |G| < C2|F |. Furthermore we let logj(x) denote the jth iterate of the natural
logarithm of x, e.g., log3 x = log log log x.

2. Integers with missing digits

Let g ∈ N, g ≥ 3. We consider the base g expansion of a positive integer n,

n =
∑
j≥0

εj(n)g
j ,

with coefficients εj(n) ∈ {0, . . . , g−1}. Note that this sum is finite. For a proper subset D ⊊ {0, . . . , g−1}
such that 0 ∈ D, and an arithmetic function f taking positive integer values, we put

Wf,D :=

n : f(n) =
∑
j≥0

εj(f(n))g
j , εj(f(n)) ∈ D

 (2.1)

as the set of integers n where the digits of f(n) are restricted in the set D.
In addition, for any x ≥ 1 and any set of integers A let A(x) denote the set A∩ [1, x]. So for any x ≥ 2,

we put

Wf,D(x) :=
(
f−1(WD)

)
(x) =

n ≤ x : f(n) =
∑
j≥0

εj(f(n))g
j , εj(f(n)) ∈ D


as a finite subset of Wf,D.

In the particular case f = id we simply write WD (resp. WD(x)) in place of Wid,D (resp. Wid,D(x)).
The elements of WD are frequently referred to as integers with missing digits (or integers with restricted
digits). In this survey we will also use the terminology proposed by Mauduit, who referred to them as
ellipsephic2 integers.

Since the set D is a proper subset of {0, . . . , g − 1} with 0 ∈ D, we have

#WD

(
gN − 1

)
= |D|N , (2.2)

the elements of WD form a sparse set, i.e.,

lim
N→∞

#WD

(
gN
)

gN
= 0.

In other words, the set WD has asymptotic density zero.
When 0 ̸∈ D, we can adapt the definition (2.1) by setting

Wf,D :=

n : f(n) =

N∑
j=0

εj(f(n))g
j , εj(f(n)) ∈ D, N ∈ N

 ,

and in this case we have #WD(g
N − 1) =

∑N−1

ℓ=0
|D|ℓ+1 = |D|(|D|N − 1)/(|D| − 1).

2The origin of this nomenclature comes from the fusion of the two Greek words “ellipsis” = missing and “psiphic” = digit.
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In this section, as we survey the literature, we concentrate on the case with 0 ∈ D in order to avoid
some complications in the statements of some results. However, the interested reader can find some results
related to the sets WD with 0 ̸∈ D in [1]. In our main theorem, we do not require 0 ∈ D.

If we set g = 10 and D = {3, 6, 9}, then any number in Wf,D is divisible by 3. However, if we exclude
similar trivial obstructions, we expect that the sequence of ellipsephic integers behaves like the sequence
of the natural numbers. A first question could be whether these integers are well-distributed in arithmetic
progressions. Erdős, Mauduit, and Sárközy [12] give an affirmative answer. Their result is valid under
the following two natural hypotheses for the set D = {d1, d2, . . . , dt}, namely

d1 = 0 ∈ D and gcd(d2, . . . , dt) = 1. (2.3)

For a, q ∈ Z such that gcd(q, g(g− 1)) = 1, we introduce the set of the ellipsephic integers congruent to a
modulo q by

WD(x, a, q) := {n ∈ WD(x) : n ≡ a (mod q)} .
Erdős, Mauduit, and Sárközy proved that if D satisfies (2.3), then there exist constants c1 := c1(g, t) > 0
and c2 := c2(g, t) > 0 such that∣∣∣∣#WD(x, a, q)−

#WD(x)

q

∣∣∣∣ = O

(
#WD(x)

q
exp

(
−c1

log x

log q

))
, (2.4)

for all a ∈ Z and q ≤ exp(c2
√
log x) such that gcd(q, g(g − 1)) = 1 (see [12, Theorem 1]). This result was

improved by Konyagin [15] in 2001 and by Col [6] in 2009.
The papers [12] and [13] provide several interesting applications of these equidistribution results and

give lists of open problems that inspired various research projects.
Another interesting aspect is the normal order of some arithmetic functions along ellipsephic integers.

Banks and Shparlinski [3] obtained various results in this direction. In particular they studied the average
values of WD of the Euler φ-function and the sum-of-divisors function.

Equation (2.4) can be seen as an analogue of the Siegel–Walfisz Theorem, stated below as Lemma 3.1,
for primes in arithmetic progressions. Such theorems are not applicable when the modulus q is a power
of x. However, in many applications, it is sufficient to use an equidistribution result that is averaged over
the moduli q. In doing so, one is able to extend the range of q. One such application can be seen in work
by the third author and Mauduit [7, 8], and independently by Konyagin [15]. They proved that there
exists an α := α(g,D) such that (2.4) holds for almost all q < xα satisfying gcd(q, g(g − 1)) = 1. Such
results combined with sieve methods imply the existence of ellipsephic integers with few prime factors.
For example in [7] it is proved that there exist infinitely many n ∈ W{0,1} with at most kg = (1+o(1))8g/π

prime factors as g → ∞.
The problem of the existence of infinitely many primes with missing digits has been solved recently by

Maynard [18, 19]. In particular, he proved the following spectacular result, given by [18, Theorem 1.1].
Let a0 ∈ {0, ..., 9}. The number of primes p ≤ x with no digit a0 in their base 10 expansions is

≍ x
log 9
log 10

log x
.

He also gives a condition to determine whether there are finitely or infinitely many n such that P (n) ∈ WD,
for any given non-constant polynomial P ∈ Z[X], large enough base g, and D = {0, . . . , g− 1} \ {a0} (see
[19, Theorem 1.2]). The papers [18] and [19] also provide deep results when the number of excluded digits
is ≥ 2.

We end this short discussion on ellipsephic integers by giving an incomplete list of recent references on
this subject containing many other interesting results, namely [1, 4–6,16].
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In the present paper, we are particularly interested in the preimages of the sets of ellipsephic integers
under s(n), namely Ws,D(x) =

(
s−1 (WD)

)
(x). With this setup, our main result can be reformulated in

the following manner: Let g ≥ 3 be an integer and D ⊊ {0, . . . , g − 1} be a nonempty proper subset. Let
0 < γ < 1 be given. Then for all sufficiently large x, we have

#Ws,D(x) = #
(
s−1 (WD)

)
(x) ≪ x exp(−(log2 x)

γ).

3. Preliminary Lemmata for Theorem 1.8

We start with a well-known deep result on primes in arithmetic progressions.

Lemma 3.1 (Siegel–Walfisz Theorem, [29, Theorem II.8.17, page 376]). For any constant A > 0, and
uniformly for x ≥ 3, 1 ≤ q ≤ (log x)A, and gcd(a, q) = 1, we have∑

p≤x
p≡a (mod q)

log p =
x

φ(q)
+O

(
x exp

(
−c
√

log x
))

,

where c = c(A) is a strictly positive constant.

Remarks. We will apply this lemma for some q = gℓ with ℓ ≈ log3 x. Norton [21] and Pomerance [28]
independently proved that there exists a constant C > 0 such that for all x ≥ 3, and for all integers q, a
with gcd(a, q) = 1, q > 0 we have3 ∣∣∣∣∣ ∑

p≤x
p≡a (mod q)

1

p
−

log2 x

φ(q)

∣∣∣∣∣ ≤ C.

We could apply these results instead of the Siegel–Walfisz Theorem in the proof of Lemma 1.9. Another
remark is when q has the special form q = gc for some fixed g (as is the case in our application), Elliott
[9] and then Baker and Zhao [2] proved that it is possible to have asymptotic estimates even when the
size of gℓ is a power of x. The latter two also showed that if q = gℓ with fixed g then it is possible to
obtain a result similar to Lemma 3.1 in the range gℓ ≤ x5/12−ε with ε > 0 arbitrarily small.

Recall that a multiplicative function f is a function that satisfies f(uv) = f(u)f(v) whenever gcd(u, v) =
1. In particular, if f is a multiplicative function which is not identically zero, then we have f(1) = 1.
Next, we quote the following technical result for the average order of a multiplicative function.

Lemma 3.2. [29, Corollary III.3.6, page 457] Let λ1, λ2 be constants such that λ1 > 0 and 0 ≤ λ2 < 2.
For any multiplicative function f such that

0 ≤ f(pν) ≤ λ1λ
ν−1
2

for all primes p and for ν = 1, 2, 3, . . . , we uniformly have∑
n≤x

f(n) ≪ x
∏
p≤x

(
1− 1

p

)∑
ν≥0

f(pν)

pν
(3.1)

for all x ≥ 1. The implicit constant in (3.1) is less than

4(1 + 9λ1 + λ1λ2/(2− λ2)
2).

3The interested reader may find a more precise formulation in [21, Section 6] and in [28, Remark 1].
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Lemma 3.3. [24, Lemma 2.1] Let x ≥ 3. Let q be a positive integer. Then∑
n≤x
q∤σ(n)

1 ≪ x

(log x)1/φ(q)
,

uniformly in q.

Note that by sacrificing the uniformity, we will be able to obtain a better bound for the number of
positive integers n ≤ x such that gk ∤ σ(n) when gk is a large integer.

To prepare for the proof of such a result we first prove the following observation.

Lemma 3.4. Let m be a positive integer. Then every positive integer n can be written uniquely as n = ab
with gcd(a, b) = 1 and

µ2(a) = 1, p | a implies p ≡ −1 (modm) and p | b implies p2 | b or p ̸≡ −1 (modm).

Proof. Let n > 1 as the result is vacuously true when n = 1. Assume that n has the following prime
factorization:

n = pe1
1
pe2
2
. . . pej

j
,

with pi ̸= pj if i ̸= j. Changing the order if needed, without loss of generality assume that p1, . . . , pJ ≡
−1 (modm) with e1 = · · · = eJ = 1 and for k = J + 1, . . . , j either pk ̸≡ −1 (modm) or ek > 1. Then,
we choose

a = p1 . . . pJ

and

b =
n

a
= peJ+1

J+1
. . . pej

j
.

This finishes the proof. □

Remark. If we remove the condition that gcd(a, b) = 1 in Lemma 3.4, then the decomposition n = ab

is not unique. For example, if n has a prime divisor q with q ≡ −1 (modm) and q3 | n, then we can also
choose

a = q
∏

p≡−1 (modm)
p||n

p and b =
n

a
.

We are now ready to prove our key lemma.

Proof of Lemma 1.9. Let ℓ ≤ k be chosen later. By Lemma 3.4, an integer n can be written in a unique
way as n = ab with gcd(a, b) = 1, µ2(a) = 1 and p | a implies p ≡ −1 (mod gℓ) and b such that

p | b ⇒ p2 | b or p ̸≡ −1 (mod gℓ).

Suppose that n = ab, written in the above form, is a positive integer such that gk ∤ σ(n). Then we
claim that n has at most m := ⌊k/ℓ⌋ prime factors p such that p ≡ −1 (mod gℓ) and p2 ∤ n. Indeed,
if n has more than k/ℓ prime factors p ≡ −1 (mod gℓ) with p2 ∤ n, say p1, p2, . . . pm+1, then σ(n) =

(p1 + 1)(p2 + 1) . . . (pm+1 + 1)K, where K is a positive integer. Since each pi ≡ −1 (mod gℓ), this implies
σ(n) = c1g

ℓc2g
ℓ . . . cm+1g

ℓK = c1c2 . . . cm+1Kg(m+1)ℓ with positive integers ci. Since (m + 1)ℓ ≥ k, this
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would imply that gk | σ(n), which contradicts our assumption. Thus for such n, we have ω(a) ≤ m.
Combining what we noted above, we obtain∑

n≤x
gk∤σ(n)

1 ≤
∑
ab≤x

p|a⇒p≡−1 (mod gℓ)
ω(a)≤m

p|b⇒p2|b or p̸≡−1 (mod gℓ)

µ2(a).

To find an upper bound for the sum on the right-hand side, we first deal with the condition ω(a) ≤ m.
To do that, we use Rankin’s method, replacing 1 with a nonnegative quantity that is at least 1 when
ω(a) ≤ m. Namely, let t ∈ (0, 1) be a parameter so that tω(a)−m > 0 for any positive integer a and
tω(a)−m ≥ 1 if ω(a) ≤ m. Then we get∑

n≤x
gk∤σ(n)

1 ≤
∑
ab≤x

p|a⇒p≡−1 (mod gℓ)

p|b⇒p2|b or p ̸≡−1 (mod gℓ)

µ2(a)tω(a)−m

≤ t−m
∑
ab≤x

p|a⇒p≡−1 (mod gℓ)

p|b⇒p2|b or p ̸≡−1 (mod gℓ)

µ2(a)tω(a).

We can rewrite the sum on the right in terms of multiplicative functions∑
ab≤x

p|a⇒p≡−1 (mod gℓ)

p|b⇒p2|b or p ̸≡−1 (mod gℓ)

µ2(a)tω(a) =
∑
n≤x

∑
ab=n

G(a)H(b) =
∑
n≤x

G ∗H(n),

where G and H are multiplicative functions defined by

G(p) :=

{
t, if p ≡ −1 (mod gℓ),

0, if p ̸≡ −1 (mod gℓ),

and G(pν) := 0 for all ν ≥ 2; and

H(p) :=

{
0, if p ≡ −1 (mod gℓ),

1, if p ̸≡ −1 (mod gℓ),

and H(pν) := 1 for all ν ≥ 2.
Let f = G ∗H. The function f is also multiplicative with f(p) = G(p) +H(p), which gives

f(p) =

{
t, if p ≡ −1 (mod gℓ),

1, otherwise.

For ν ≥ 2 we have

f (pν) =
∑
ab=pν

G(a)H(b) = G(p)H(pν−1) +H (pν) =


1, if ν = 2,

t+ 1, if ν ≥ 3 and p ≡ −1 (mod gℓ),

1, if ν ≥ 3 and p ̸≡ −1 (mod gℓ).
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Now, we can apply Lemma 3.2 with λ1 = 2 and λ2 = 1 to f and obtain

∑
n≤x

gk∤σ(n)

1 ≪ t−mx
∏
p≤x

p≡−1 (mod gℓ)

(
1− 1

p

)1 +
t

p
+

1

p2
+ (t+ 1)

∑
ν≥3

1

pν

 ∏
p≤x

p ̸≡−1 (mod gℓ)

(
1− 1

p

)∑
ν≥0

1

pν
.

Next, we note that for any prime p,(
1− 1

p

)∑
ν≥3

1

pν
=

(
1− 1

p

)
1

p3

∑
ν≥0

1

pν
=

(
1− 1

p

)
1

p3
1

(1− 1/p)
=

1

p3

and (
1− 1

p

)∑
ν≥0

1

pν
=

(
1− 1

p

)
1

(1− 1/p)
= 1

which yield ∑
n≤x

gk∤σ(n)

1 ≪ t−mx
∏
p≤x

p≡−1 (mod gℓ)

(
1 +

t− 1

p
+

1− t

p2
+

t

p3

)
.

Furthermore, we see that∏
p≤x

p≡−1 (mod gℓ)

(
1 +

t− 1

p
+

1− t

p2
+

t

p3

)
=

∏
p≤x

p≡−1 (mod gℓ)

(
1 +

t− 1

p

)(
1 +

1

1 + t−1
p

1− t

p2
+

1

1 + t−1
p

t

p3

)

=
∏
p≤x

p≡−1 (mod gℓ)

(
1 +

t− 1

p

) ∏
p≤x

p≡−1 (mod gℓ)

(
1 +

1− t

p(p+ t− 1)
+

t

p2(p+ t− 1)

)

where the second product is bounded by a constant. So we obtain∑
n≤x

gk∤σ(n)

1 ≪ t−mx
∏
p≤x

p≡−1 (mod gℓ)

(
1 +

t− 1

p

)
.

In order to bound the product above, we use the Taylor–Young formula for log(1 − X) for |X| ≤ 1/2,
and the Siegel–Walfisz Theorem, stated in Lemma 3.1. So, if gℓ is less than a power of log x, we have
uniformly for t ∈ (0, 1),

log

 ∏
p≤x

p≡−1 (mod gℓ)

(
1 +

t− 1

p

) =
∑
p≤x

p≡−1 (mod gℓ)

log

(
1 +

t− 1

p

)

=
∑
p≤x

p≡−1 (mod gℓ)

(
t− 1

p
+O

(
1

p2

))

=− (1− t)
∑
p≤x

p≡−1 (mod gℓ)

1

p
+O

∑
p≤x

1

p2


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=−
(1− t) log2 x

φ(gℓ)
+O(1),

where the last equality above is deduced from the Siegel–Walfisz Theorem after partial summation, or
more directly by the results of Norton [21] and Pomerance [28] mentioned just after Lemma 3.1. Thus,
we obtain ∑

n≤x
gk∤σ(n)

1 ≪ x

tm(log x)(1−t)/φ(gℓ)
.

It remains to choose ℓ and t. Recall that k ∈ [log3 x,A(log2 x)
γ ]. With our choices, we would like to have

tm(log x)(1−t)/φ(gℓ) → ∞.
Let α, α′ ∈ R such that 0 < α′ < α < 1 and γ, δ < α− α′. We let

ℓ :=

⌊
(1− α)

log3 x

log g

⌋
,

t := 1− 1

(log2 x)
α′ .

Note that we then have ℓ ≤ k, gℓ ≤ (log2 x)
1−α and

1 ≤ m ≤ k

ℓ
≤ A

(log2 x)
γ⌊

(1− α) log3 xlog g

⌋ ≤ 2A
(log2 x)

γ

(1− α) log3 xlog g

≤ (log2 x)
γ

for x large enough.
With these choices, we get

tm(log x)(1−t)/φ(gℓ) ≥ tm(log x)(1−t)/gℓ

≫
(
1− 1

(log2 x)
α′

)(log2 x)
γ

(log x)
1

(log2 x)α
′+1−α

=exp

(
(log2 x)

γ log

(
1− 1

(log2 x)
α′

)
+

log2 x

(log2 x)
α′+1−α

)
=exp

(
(log2 x)

γ log

(
1− 1

(log2 x)
α′

)
+

1

(log2 x)
α′−α

)
.

Since γ < α− α′, the first term in the exponential above is at most one half of the second in absolute
value. Hence for all x ≥ x0 with x0 = x0(α, α

′, γ) we have

∑
n≤x

gk∤σ(n)

1 ≪ x exp

(
−1

2
(log2 x)

α−α′
)

≪ x exp
(
−(log2 x)

δ
)
,

where we have used the condition δ < α− α′. □
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4. Proof of Theorem 1.8

Recall our basic setup: We have g ∈ N, g ≥ 3, D ⊊ {0, 1, . . . , g− 1} nonempty, x sufficiently large, and
0 < γ < 1. For a positive integer k ∈

[
(log2 x)

γ

log(g/|D|) , 2
(log2 x)

γ

log(g/|D|)

]
, we write

#Ws,D(x) =
∑

n∈Ws,D(x)

σ(n)≡0 (mod gk)

1 +
∑

n∈Ws,D(x)

σ(n)̸≡0 (mod gk)

1 =: S1 + S2.

We will now work on the upper bounds for S1 and S2 separately. To start with, we use a rather weak
bound for S2, where we drop the condition on the digit restriction on s(n). Then we apply Lemma 1.9
with γ = δ to obtain

S2 ≤
∑
n≤x

gk∤σ(n)

1 = O (x exp (− (log2 x)
γ)) .

Next, we focus on finding an upper bound for S1. Following a similar setting as in [23], for s(n) =∑N

j=0
εj(s(n))g

j , for some N ≥ 1, we put

B :=
k−1∑
j=0

εj(s(n))g
j

as the number formed by the k-rightmost digits of s(n) such that s(n) ≡ B (mod gk). Note that this
implies B ≤ gk − 1. Let n ∈ Ws,D(x) with σ(n) ≡ 0 (mod gk). Then, since gk | σ(n), we have

n = σ(n)− s(n) ≡ −s(n) ≡ −B (mod gk).

So, we can relax the condition on S1 with a congruence condition as follows in the case 0 ∈ D. Namely,

S1 =
∑

n∈Ws,D(x)

σ(n)≡0 (mod gk)

1 ≤
∑
n≤x

n≡−B (mod gk)

B∈WD(gk−1)

1 =
∑

B∈WD(gk−1)

∑
n≤x

n≡−B (mod gk)

1 ≤ |D|k
⌊ x

gk

⌋
+ |D|k,

where in the last inequality we used, for M a positive integer, b ∈ Z and X ≥ M , that

#{1 ≤ a ≤ X : a ≡ b (modM)} ≤ ⌊X/M⌋+ 1

along with (2.2). When 0 ̸∈ D, we proceed in the same way but we use the fact that #WD(g
k − 1) =

(|D|k+1 − |D|)/(D| − 1) instead of |D|k.
Inserting our choice of k yields

S1 ≪ x exp (−k log (g/|D|)) ≪ x exp (−(log2 x)
γ) .

Thus we obtain the following upper bound

#Ws,D(x) = #s−1 (WD) (x) ≪ x exp(−(log2 x)
γ)

as desired. □

Remark. In our proof of Theorem 1.8, we showed that the digits only need to be missing from the last
(log2 x)

γ digits of n. Since almost all n ≤ x have about log x/ log g digits in base g, this means that we
do not need to impose any restrictions on the vast majority of the digits of n.
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5. Some remarks on a lower bound on #Ws,D(x)

As indicated earlier, as soon as we have 1 ∈ D, then the elements in Ws,D are at least as frequent
as the primes, since s(p) = 1 for all primes p. In the case when D = {0, . . . , g − 1} \ {a0} for some
a0 ∈ {1, . . . , g − 1} and g large enough, we can prove that s(n) takes on infinitely many different values
in WD by adapting the ideas used in [19]. As already remarked in the introduction, if p and q are two
distinct primes then s(pq) = p + q + 1. A variant of the Strong Goldbach conjecture, which has been
proven, then tells us that the image of s contains almost all odd numbers. It thus remains for us to prove
that a positive proportion of ellipsephic integers can be expressed as 1 plus a sum of two primes. We
follow the arguments of [19, Sections 6-8] which imply that∑

n∈WD(gN−1)

∑
p+q+1=n

log p log q = (c(D) + o(1))(g|D|)N , (5.1)

with c(D) :=
g

φ(g)2
#

{
(b1, b2) ∈ {0, . . . , g − 1}2 : gcd(b1b2, g) = 1 and ∃ d ∈ D such that b1 + b2 + 1 ≡ d (mod g)

}
. (5.2)

When g is large enough, c(D) > 0. Indeed, the set on the right-hand side of (5.2) is non-empty. It
contains at least (b1, b2) = (1, g − 1) if a0 ̸= 1, and (b1, b2) = (1, 1) in the case a0 = 1 .

The proof of (5.1) consists of reproducing Sections 6-8 in [19], with one additional prime variable which
we handle trivially. The only small difference is in the computation of the main term coming from the
major arcs at the end of the proof of [19, Lemma 7.2].

Let r(n) denote the weight
r(n) =

∑
p1+p2+1=n

log p1 log p2.

We can apply an upper bound sieve to detect the primes p1 such that n − 1 − p1 is also prime. By
[14, Theorem 3.11] and the remark that appears afterwards, for any odd integer n ∈ [

√
x, x] we have that

r(n) ≪ (log x)2#{p ≤ n, n− 1− p = p′} ≪ x
∏
p>2
p|n−1

p− 1

p− 2
≤ c1x log log x, (5.3)

for some absolute c1 > 0. By (5.1) and (5.3) we deduce that

# {n ∈ WD(x) : n− 1 is a sum of two primes} ≥ c(D)− o(1)

c1 log log x
#WD (x) . (5.4)

This implies that s(n) takes infinitely many different values in WD. In this short section, we wanted to
to highlight a result which is a direct consequence of the proofs presented in [19]. However, detecting
ellipsephic primes is a considerably more difficult problem than detecting ellipsephic integers n such that
n − 1 is a sum of two primes. It is thus certainly possible to have a more precise lower bound than
(5.4) for more general sets WD and with small base g. Also, we can probably remove the log log x in the
denominator in (5.4) by combining the arguments in [32, Section 3.2] with [19].
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