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REVIEWS
Edited by Darren Glass

Department of Mathematics, Gettysburg College, Gettysburg, PA 17325

An Introduction to the Circle Method. By M. Ram Murty & Kaneenika Sinha, American Math-
ematical Society, 2023. 258 pp., ISBN 978-1-4704-7203-0, $59.00.

Reviewed by Lola Thompson

When I was first approached to review a book on the circle method aimed at under-
graduates, I was a bit skeptical. After all, this is a subject that normally gets covered in
the latter portion of a semester-long master’s-level course in analytic number theory, or
possibly in a more-advanced “topics” course aimed at Ph.D. students. Surely it would
be too specialized for students in most bachelor’s programs! However, when I saw that
Ram Murty was one of the authors, I felt more optimistic. Murty is a co-author (along
with Alina Cojocaru) of the sieve methods book that I most often recommend to stu-
dents who are learning the subject for the first time [1]. He is a gifted expositor who
really understands how to pitch ideas at the right level for this audience. I was curious
to see what he and Kaneenika Sinha could pull off with another notoriously impenetra-
ble topic. I spent the next few weeks eagerly awaiting the mail delivery, even paying
the hefty ransom that the Dutch customs agents demand for non-EU mail because I
was very curious about this book.

When I finally received An Introduction to the Circle Method, I was immediately
struck by the amount of prior background in number theory that the authors demand
from their readers: zero. That said, while the authors go all the way back to defining
the principle of mathematical induction and stating the division algorithm, a reader
with some familiarity with elementary number theory will be much better-equipped
to read this book (and such a person will then be able to skip Chapters 2–4). While
undergraduates could, in theory, learn elementary number theory along the way, it will
be easier for students who have already internalized the main ideas from these early
chapters.

It is important to note that, while a background in number theory is not assumed,
the authors do take for granted that the reader has seen some complex analysis. From
Chapter 5 onwards, the reader will want to have some facility with contour integra-
tion. Otherwise, much of the rest of the book will feel like a series of black boxes.
That said, for students with a solid background in both real and complex analysis, this
book would make a good textbook for a very specialized one or two semester course
(depending on whether elementary number theory is a pre-requisite). It would also be
a natural choice for an independent reading course for an extremely motivated student.

Before I go any further, it is important to give a brief explanation of the circle
method. We can express certain additive problems in number theory using exponential
sums. For example, suppose that we want to count how many s-tuples of nonnegative
integers r1, . . . , rs satisfy

r1 + r2 + · · · + rs = n,
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for some fixed positive integer n. It turns out that it is straightforward to show that the
number of such s-tuples is equal to the integral

∫ 1

0
f s(α)e(−nα)dα (1)

where e(α) := e2πiα and f s(α) = ∑
r1,...,rs≤n e((r1 + · · · + rs)α). In particular, there

is at least one such s-tuple if and only if the integral is positive. As α ranges from
0 to 1, e(α) moves around the unit circle—hence the name “the circle method.”
In many applications of the circle method, it is useful to observe that the function
f (α) = ∑

k≤n e(kα) assumes atypically large values at rational numbers α = a/q

with small denominators q. Thus it makes sense to separate the interval [0, 1] into
two parts: the so-called major arcs, which are unions of small intervals surrounding
rational numbers with small denominators, and the minor arcs, which are unions of
everything else in [0, 1]. Then, one uses tools from asymptotic analysis to estimate
the integral along the major and minor arcs separately. In an ideal world, the integral
along the major arcs can be estimated fairly precisely, and the integral along the minor
arcs can be shown to be smaller than the estimate along the major arcs (and, thus, it
serves as an error term). This is, of course, explained in much greater detail by Murty
and Sinha in Chapters 6–10.

One of the book’s strengths is that it spells out the steps that are typically omitted
from other books on the circle method. Steps that are “clear” and proofs that are “left
to the reader” in other sources are written out in full, glorious detail here. For that
reason, even experts who are assigned to teach a course in the circle method but who
do not have a great deal of time on their hands may appreciate having this book on
their shelves as a secret reference. (Shhh, don’t tell my students that I wrote this!)

Many courses in number theory aim for breadth, but Murty and Sinha take the
opposite approach: they provide precisely what is needed, and no more, in order to
build a narrow path that ultimately leads to attacking two important problems in addi-
tive number theory: Waring’s Problem and Goldbach’s Conjecture. Waring’s problem
asks whether every natural number can be written as a sum of at most s kth powers.
Goldbach’s Conjecture is the statement that every even integer greater than 2 can be
written as a sum of two prime numbers. From the discussion above, this is equivalent
to saying that, for any even n > 2,

∫ 1

0
f 2(α)e(−nα)dα > 0,

where f (α) = ∑
p≤n e(αp). Of course, Goldbach’s Conjecture is still an open prob-

lem, and there are very good reasons to believe that the circle method alone cannot be
used to prove Goldbach’s conjecture. The authors give the same explanation as Daven-
port [2] for why the Circle Method has thus far failed to prove Goldbach’s Conjecture.
Namely, when we plug the Goldbach problem into circle method machinery, suddenly
the minor arcs are too large to serve as an error term; instead, they contribute to the
main term.

This perhaps leaves the reader with the impression that if we were to try just a
little bit harder, we might be able to partition the unit interval in another way so that
there is a main term that we can estimate, and a genuine error term. However, the
obstruction is more serious than what is mentioned by Murty and Sinha. Namely, when
we attack the Goldbach problem by means of the circle method, the exponent in (1)
is 2. If the exponent were 3 then we could bound the integral by the square of the
L2-norm of f times a factor of minα∈m |f (α)|, with m denoting the set of minor arcs;
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we can then determine the L2 norm easily. However, that trick is not available and
we do not have a good bound on the L1 norm. As Terry Tao remarks in his blog [4],
giving asymptotics on the minor arcs is not any easier than proving Goldbach itself. He
proclaims that “tight bounds on minor arc exponential sums are basically just a Fourier
reformulation of the underlying binary problems being considered.” In other words,
it’s not just that one cannot prove Goldbach in quite the way that Murty and Sinha
rightly say does not work; the contribution of the “minor” arcs is no longer minor, but
actually part of the main term. This leaves us completely stuck because we do not have
asymptotics on the minor arcs. It is curious that the word “Fourier” does not appear
anywhere in Murty and Sinha’s book—this is presumably a choice that was made
in order to avoid overburdening the undergraduate reader with yet another analysis
prerequisite (one that is not often part of a bachelor’s curriculum in mathematics). This
is an understandable choice, but it does leave the reader with only part of the story.

At this point, you may be wondering: why place so much emphasis on a problem
that is still open and unlikely to be solvable using the method that is the focus of
this book? The answer is that there is a related problem, called the Ternary Goldbach
Theorem, that was proved in several stages using the circle method, with a full solution
finally given in 2013. The Ternary Goldbach Theorem states that every odd number
greater than 5 can be written as a sum of three primes. In this case, the exponent in
Equation (1) is 3 and we have the tools described above at our disposal. The final
pieces of the Ternary Goldbach proof, due to Harald Helfgott, use extremely delicate
estimates that go beyond the scope of this book. Murty and Sinha prove Ivan Vino-
gradov’s classical result, namely, that the Ternary Goldbach Theorem holds for all
sufficiently large odd numbers. (Vinogradov himself was building on the work of G.
H. Hardy and John Littlewood, who had proved the same result conditionally on the
generalized Riemann hypothesis. Vinogradov’s great achievement was to give mean-
ingful bounds on the minor arcs, unconditionally.) Murty and Sinha take a modern
approach to Vinogradov’s result, incorporating some improvements due to Vaughan.

At the end of the “preparatory chapters,” the authors provide a nice summary of the
sequence of results that led to the full proof of the Ternary Goldbach conjecture. We
feel the suspense as Vinogradov’s “sufficiently large” result is made effective, and as
Borodzkin’s bound of 104008659 is reduced to Helfgott’s bound of 1027, and separately
computer-verified (by Helfgott and David Platt [3]) for odd n up to about 1030. Math-
ematics students often complain that the topics that they study were all figured out
hundreds of years ago, but here we see recent research in action! As unglamorous as it
may feel to reduce one large power of 10 to another, it’s pretty awe-inspiring to stand
back and take in the contributions of so many mathematicians over the years.

Another strong suit of this book is that it is peppered with interesting historical
anecdotes throughout. The “preparatory chapters” do not merely introduce notation
and basic concepts; they also tell the stories of the mathematicians who pioneered the
use of the circle method. We learn that, even though the circle method is frequently
called the “Hardy-Littlewood circle method,” it may have already existed in a rudimen-
tary form in Ramanujan’s mind prior to his famous visit to Hardy at Cambridge (what
is certainly correct is that it first appeared in a paper by Hardy and Ramanujan; the
book’s assertion that it originated with Ramanujan is up for debate, though he certainly
played a role in its origins—indeed, the appellation “Hardy-Ramanujan-Littlewood
method” is becoming more common). While the method was originally developed
to find asymptotics for the partition function, its full power was later revealed when
Hardy and Littlewood figured out applications such as Waring’s problem.

One possible criticism of this book is that it uses, as motivation, the same problem
that is highlighted in nearly every introductory lecture on the circle method: Waring’s
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Problem. I spent some time trying to envision a different low-hanging problem that
would also provide a natural introduction to the full power of the circle method and
I’m really struggling to find a reasonable alternative. Perhaps I am just unimagina-
tive, or perhaps there is a reason why every “Circle Method 101” lecture starts with
Waring’s problem.

Another possible criticism is that certain parts of the book may not age well. The
section called “The future of the circle method” reads a bit like an Oberwolfach report.
It lists many of the results that we currently view as important (and the people that
we currently view as influential), but one cannot ignore the fact that there are likely
important applications of the circle method being developed right now with impacts
that won’t be known for years. Analytic number theory is developing rapidly, with
numerous seemingly-impossible problems startlingly solved in the last decade. For
example, Fields Medals have been awarded to analytic number theorists at 4 out of
the last 5 International Congresses of Mathematicians. All of this is to say that “The
future of the circle method” may well feel like Disney’s Tomorrowland in thirty years:
a quaint snapshot into the mindset of analytic number theorists in the early 2020s and
their retro-futuristic ideas of where the field is heading.

In spite of these mild criticisms, I overall applaud Murty and Sinha for making the
circle method accessible to a wider audience. I strongly suspect that An Intoduction to
the Circle Method will enter the regular rotation of analytic number theory books that
I recommend to my students (indeed, I have already recommended it to one student).
My only hope is that the Dutch customs agents won’t detain their copies.

ORCID
Lola Thompson http://orcid.org/0000-0001-6692-4108

REFERENCES

[1] Cojocaru, A., Murty, R. (2005). An Introduction to Sieve Methods and Their Applications. Cambridge:
Cambridge University Press.

[2] Davenport, H. (2000). Multiplicative Number Theory. New York: Springer-Verlag.
[3] Helfgott, H., Platt, D. (2013) Numerical verification of the Ternary Goldbach conjecture up to

8.875 · 1030. Exp. Math. 22(4): 406–409.
[4] Tao, T. (2012). Heuristic Limitations of the Circle Method. Terence Tao’s blog.

Department of Mathematics, Utrecht University, Budapestlaan 6, 3584 CD Utrecht
l.thompson@uu.nl

276 c© THE MATHEMATICAL ASSOCIATION OF AMERICA [Monthly 131

http://orcid.org/0000-0001-6692-4108
mailto:l.thompson@uu.nl


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Adobe Gray - 20% Dot Gain)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Preserve
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Courier
    /Courier-Bold
    /Courier-BoldOblique
    /Courier-Oblique
    /Helvetica
    /Helvetica-Bold
    /Helvetica-BoldOblique
    /Helvetica-Oblique
    /Symbol
    /Times-Bold
    /Times-BoldItalic
    /Times-Italic
    /Times-Roman
    /ZapfDingbats
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 200
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.20
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 200
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.20
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /ENU ([Based on 'TandF-preview-FP'] Use these settings to create Adobe PDF documents suitable for reliable viewing and printing of business documents.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /BleedOffset [
        0
        0
        0
        0
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements true
      /GenerateStructure false
      /IncludeBookmarks true
      /IncludeHyperlinks true
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MarksOffset 6
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


