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The Mobius Function
- - -

won ←# affinediftaicnfotrsofn
Def Let tech) = {

C- 1) if n is a - free

0 otherwise

Ex Mcp) = - 1 Vp prime

M C 4) = MC207=0

µ (G ) = Ill 2.3) =L-112=1

ou ( 24 ) = MC230.3 ) = O



The Mertens Function
- --

Det The function

MCN) = E UCH
n EN

is called the Mertens Function .

EI MCG) = MC1) till2) till3)till44)

+MI5) th (6) -

= I t C- 1) t C -1) to

+ C-A t1

=

QE goal : Compute MCN
) as quickly

as possible , using as little space
as

possible .



why Compete MID ?

* Testing conjectures

Ef . ., Until when is IMCNHETN
true?

↳ known to be falsefor extremely
large N lodgeto - te Ride)

* For N large , asymptotic expressions
for MCM are good .

For bounded N,

they are not ( computations are

preferable) .

Naive approach : Compute Men) for each

n EN and sum .

Time : at least IN . (Avg time it takes
to compute tech)))



A- Slightly Less Naive Method

we can use the Sieve of Eratosthenes

to compute Mcm for 1 EnEN in

time OCNlog logN) and space 01N
)
.

U

step : start ur a "

I
"

in every square :

l l l l l l l l l l
l l l l l l l l l l

l l l l l l l l l l

l l l l l l l l l l

l l l l l l l l l l

l l l l l l l l l l

l l l l l l l l l l

l l l l l l l l l l

l l l l l l l l l l

l l l l l l l l l l



Step Flip the signs on the even entries,
& make every other even entry o.

I - l l O l - l l O l - l

l O l - l l O l - l l O

l - l l O l - l l O l - l

l O l - l l O l - l l O

l - l l O l - l l O l - l

l O l - l l O l - l l O

l - l l O l - l l O l - l

l O l - l l O l - l l O

l -l l O l - l l O l - l

l O l - l l O l - I I 0

TITTY
even integers



Step③ Flip the signs on the multiples
of 3

, making every third multiple
of three O

.

I - I ①0 I① I 000- I
I⑧ I - I ①0 I ⑧ I 0

①- I I ⑧ I - I ⑥ 0 I ⑧
I 0① - l l ⑧ I - I 0

I① I 0⑧ - l l ② I - I

0 I ⑤ I 0① - l l⑧
I - I ⑧O l ① I 0①- l
l ⑧ I - I④0 I ④ I 0

⑧ -l l ⑧ I - I ① 0 I ⑧
I 0 - l l⑧ I - I④O

O = multiples of 3



Step ④ : Flip the signs on the multiples
of 5

, making every fifth multiple
of five O

.

I - I ①O - I① I 000 r

I⑧ I - I ①0 I ⑧ I 0

①- I I ⑧ O - I 000 I ①
I 0① - I -I⑧ I - I O

I - I ⑧O ① I 0①
I ⑧ I - I①0 I ④ I 0

⑧ -l l ⑧ - I - I ① 0 I ⑧
I 0 - I - I⑧ I - I④

p p
multiples of S



Step ④ : Flip the signs on the multiples
of 7

, making every seventh multiple
of seven O

.

I - I ①o -11017000 r

I⑧ I 0 I ⑧ I 0

④ I I ⑧ O - I ⑥⑧ I ①
i 0① - I I - I O

I - i⑧O - I① I 0①Ol
l ⑧ I - I⑨O I 0

⑧ -l l ⑧- I - I ① 0 I ⑧
① o - I 100000

II = multiple of 7

* since the next prime is 11
> Foo

,

we would Seem to be finished . . .

except that some of these
entries are

wrong !



what's going on ?

EI

must
-t

f-
' ①8- '①Ehf④ '

€00101 Oo
UH7) e -z

①I i ⑧ o - I ⑧8 UH9) = -I

1000-1-1 I÷÷÷t÷÷÷÷¥÷÷÷¥:÷÷¥÷I ⑧ I -100 I 0

w/ a prime O -l l ⑧ -100 I 0

factor >7 ④00- I ⑧ i

II = multiple of 7

Notice that there is at most one

prime missing in
each factorization

.



To get around this, we can store

the product of primes that we've
found

for each entry , so we know
if there

is a prime
factor 7 TN missing .

I 2 3 05 6 7 0010
O ①141so ① 0 ⑦ O

21 ②①O O ②O O ① 30

⑦ O ③② 350⑦②③O
①42100 O ②⑦ O O O

③ 0100 ⑤o ③②① o
①② O O ⑤⑥⑦03070
① 0010200⑦⑥⑦ o
o ②⑦o ⑤②③ o ① 0

⑦ o③②⑤0 ① o o o

O = missing one prime
factor



Final step : Flip all of the signs
-
-

of the ent

I 2 3 05 6 7 0010
110 1314 IS 0 170 19 O

212223 O O 26 O O 2930

31 O 3334350 3738390

414243 O O 46 47 O O O

St O 53 O 55 O 575859 O

6162 O O 6566670 69 70

71 O 7374 O O 777879 O

O 82 83 O 85 86 87 O 89 O

91 O 93 94 95 O 97 O O O

Mcn) = 1

Mcn) = - 1

U Cn) = O



To save space , we can use a

segmented sieve :

Look at segments of length TN

and check for divisibility by primes
up to TN .

Space : OC TN)



One more way to
save space . . .

theorem ( Helfgott , 2020)
One can construct all primes PEN in

time OCNlogN) and space OCNbkgNB).



Less Naive Methods
-
-
-

① Combinatorial Methods

First steps : Meisel (1870) , Lehmer (1959)

Improved by Lagarias - Miller - 0dgEko (1985)
& DelEglise -Rivat (1996)

Main Idea : Use number theoretical identities

to break MCM = [ tech)
HEN

into shorter sums
. Compute the

short sums once & use them many
times .

Time :
about 0 ( N

2B )



② Analytic Methods

Lagarias - od lyEko ( 1987)

Main Idea : Can write MCN) as sums

over the zeroes of the

Riemann Zeta function .

There are

coly many zeros, but one
can

truncate & round . If error is a ¥,
the result is exact .

Time : OCN
⇒+E
) in theory

( nontrivial to implement CPlatt , 2012) &
slower than combinatorial methods in practice)



Our Goal :
-
-

Formulate a combinatorial

algorithm that
* improves on the previous
time bound of OCNZB)
* uses as little space
as possible
* is practical to implement
on a computer.

theorem (Helfgott ,T.

,
2021 )

One can compute MCN) OlN%hgN)
JstE using Helfgott's

time Of N'
"

ClogN) ) and sieve

space ( µ3k0µgµj%)
↳ ocntslog NY)

using Helfgott's
sieve



Combinatorial Algorithms :

general approach

start ur an identity :

MC N) = 214 CTN ) -E EMcm.)Mand
hEN m ,mzn, = h

m
, ,
m z E TN

( k=2 case of Heath-Brown ; also follows from

Vaughan or Could use Mobius Inversion )

Swapping the order of summation :

MCM - EucmiucmeiLEI
compute in mi

,
me ETN

time own)
naively

* choose a parameter vs Tn and split

into cases :

① Mi
,
Mz EV

② m, or Mz >V



To obtain time OCN
") :←D¥g!

Lagarias -Miller-

Take V = Nb
,

odlyzko, etc .

• Case ① (m ,
,
maEv) is the easy case -

use a segmented sieve .

• Case② ( m ,
or me 7V) takes more

work .

what we do instead :

take /uq
-

Larger v ⇒ case ① is the hard case now .
XThis will be thefocus

of the rest of my talk

case ② is easier
.



How we handle Case
①

-
-
-
-

want to compute :
µ

case.am?..T'""" LEE!.mn.. .
Spit (1,1×11,4 into hbhds

U = Ix x Ig around points (mo, no)
A

[mo - a
,
mota)

"

( no -b, notb)

Applying a local linear approximation
:

#
=
I +↳ Cm-mo) tcgln -no)tET*d

Mn mo no Quadratic
ET

- N I pCx = ⇒ , CJ "
mono
'

small

Provided
that u
is small



If there were no floor functions . . .
- -

- - - -

[ Mcm)men,#
Eor quad ET

(m,MEIx x Ig

={Mcm)µCn) (⇐ t Cx
(m-mo)tCy Cn -no))

(m
,
n)C-Ix xIy
④ N
= ( [ Mcm) (⇒ t Cx

cm -mo)) . Each)
↳ MEIx

htIy
Separation
of variables→ t ( ¥±yucn, Cy Ln -hd)

- M¥7
,

'm)

* use segmented sieve to compute
Mcm)

for meIx and men) for n tIg .

* Computing the sum ④ takes time

0 (max ( a, b)) and negligible space .



How to handle L J
--
-
-

:

Variables are
separated

notice that computing b
N

So : =[Mcm)µcny⇐jtCx Cm-mo))t &
(min)EI×xIy

Lcych -no)))

is the same as above .

what we have from our Linear Approx
:

S1 : = [ deem)µcn)/Lm!¥ t Cxcm
-mo) tglh -no)))

P
(m
,
MEI
,
*Iy can't be separated

what we actually want :

S2 : =[ Mcm>Mcn) )
(m,n)EIx×Iy



Notice that

(AtB) -CLA)+LBJ) ={
0 if EAHBK I

1 otw

So the difference between a term in

Sa & a term in So is either 0 or 1 .

( Same for the terms in Sa vs
Sa)

idea : Let

Lo (m
,
n) = L! t Cx(m - mo)) t (Cg (n - no)

L1 (m, n) = Lso t Cx (m-mo) t Cy Cn - no))

↳ cm, n) -- LI)
we show that La - La and La

- Lo

can be computed quickly



we approximate Cy by a rational #
I do

on each g- , q e Q
= 2b

hbhd
⇒⇒

Such that d : = Cy - age satisfies

Idle IQQ

Thus
,

I Cy Cn -no) - aolh-q / s Ig
( can find such an age using continued

fraction
me ( log b)

* Now our task is to show that

solve
a

linear 22cm,n) = ↳ Cm
,
h) except in at most

equation←2
"

bad
"

congruence classes (
mod 8)

knod f)

( same for La Cm, n) vs Lo (m, n))



* In the case where m or n is in
a

" bad
" residue class (mod g) , we

show that Lz - La , La
- Lo are

char
.

functions of intervals- (or unions

of intervals )
× To find them, we

solve a quadratic
af
worst equation

↳
115
x
* So

,
we Just need to compute a table of

'

'

in
yrs←

naive MEI

X

which requires pre - Computing a table
a
savings of values of Mcm)

,
which can be done

in time Ocb) & Space OC blog b) .

So we are saving
a factor of

"

a

"

compared w/ the
naive method



Computations
-

we wrote our algorithm in Ctt

and ran it on an 80 - Core machine

at the Max Planck Institute for Mathematics :

These match
with Kuznetsov

't

& Hurst 'sY::::::*. .
#-

Rival's algorithm

Kuznetsov Hurst

*Except for a possible
sign error in Kuznetsov
for 7=1021

.



Thank you
!


