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An improved heuristic

To correct for non-independence, let p and p’ be independently
chosen random integers. Look at:

P(p,p + 2 not both divisible by q)
P(p,p’ not both divisible by ¢) ’
for each small prime q.

Since )
Plg|p) = -,
(q1p) .

then .
P(QTP)=1—5-

Thus, we have

P(gfpand ¢tp) = (1—(1]>2-
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Where the heuristics fail

The heuristic argument relies heavily on the assumption that
the primes p are uniformly distributed among the residue
classes (mod q).

Let m(x;q,a) == #{p <z :p=a (mod q)}.

If the primes were uniformly distributed (mod ¢), we'd expect:

X

7T x; q7a % 77
( ) ¢(q) log x

when ged(a, q) = 1.
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Equidistribution for “small” ¢

Theorem (Bombieri-Vinogradov)

For any constant A > 0, there exists B = B(A) such that

E max

e

(@ 99) o

log x A (log z)4’

1/2
Where Q = (lgg—z)B'
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Admissible k-tuples

Definition

We say that a k-tuple (hq, ..., hy) of nonnegative integers is
admissible if it doesn't cover all of the possible remainders
(mod p) for any prime p.

Example: (0,2,6,8,12) is an admissible 5-tuple.

Residue classes not covered:
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By assuming the Generalized Elliot—Halberstam Conjecture,

this number can be reduced to 6!!!
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A sketch of the Maynard-Tao method

Goal: Find values of n for which the tuple n 4+ hq,...,n + hg
contains several primes.

Setup: For large N, look for n in the dyadic interval [N,2N).

Let W := Hp§10g3Np- Since H is admissible, we can choose
an integer v so that ged(v 4 h;, W) =1 forall 1 <i < k.

The W-trick: Pre-sieve the set to just those n satisfying
n=v (mod W).

Thus, our sample space becomes

Q:={N<n<2N:n=v

(mod W)}.
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Chebotarev sets have the bounded gaps property.
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Consecutive admissible k-tuple (hi, ..., hi) of polynomials in Fy[x] with

k > ko, there are infinitely many f € Fy[x] such that at least
m of f+ hq, ..., f + hy are irreducible.
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Each set of remainders a (mod ¢q) with ged(a,q) = 1 contains
arbitrarily long runs of consecutive primes.
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Wswsllial  In a paper in 2013, Banks, Freiberg and Turnage-Butterbaugh
used the Maynard-Tao method to give a strikingly simple
re-proof of Shiu’s result.
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This begs the question: can the Maynard-Tao method be used
to handle other “consecutive primes” problems?
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Applications Let f = p,0,w,Q, 7. There are arbitrarily long runs of
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s consecutive primes p on which f(p — 1) is decreasing. The
same holds for f(p — 1) increasing.
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Proof sketch for decreasing runs of ¢(p — 1)'s

Prime gaps

Lola Same basic setup as in Maynard-Tao:
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For large N, let W := ] ~ P and define

p<logs

Introduction

Recent results

on bounded R )
gaps between Sl T E w (n
primes N<n<2N

The n=v (mod W)
Maynard-Tao

method

Variants of

the

Maynard-Tao =

thezrerl;l 52 : Z Z XP n + h ) w(n)
N<n<2N =1

Applications —
to runs of n=v (mod W)

consecutive

primes We want 2 >m — 1 so that at least m of n+ hq,...,n + hy,
are prime for n € .

Lola Thompson Prime gaps



Proof sketch for decreasing runs of p(p — 1)'s
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loib Key innovation: Modify the W-trick

Thompson
. Fix H = {h1, ..., hi} where h; = (i — 1)(2k)!. With this H, we
e \vant to choose v (mod W) such that:
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© (Consecutive Primes) For n € 0, any prime
;\rllllneynard-Tao [n + hl, n + hk] iS in n + IH

method

Variants of @ (Decreasing ¢ values) With probability 1 + o(1),

the
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theorem n + h/z _ 1
Applications QD(TL + hl — 1)
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c (24i’ 24i+3]

for1 <i<ek.
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Variations
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Lola Theorem (Pollack, T., 2015)
Thompson

Let f = p,0,w,$, 7. There are arbitrarily long runs of
Introduction consecutive primes p on which f(p — 1) is decreasing. The
Recent results same ho/ds for f(p — 1) increasing.

on bounded
gaps between
primes

The
Maynard-Tao
method

Variation \ Modification \

Variants of
Moynard Tao Increasing ¢'s Replace ‘H with —H
theorem I . ’ n+h;—1 . U'(’I’L+h¢ 71)

ncreasing o's Replace : with ‘ .
Applications - - - - - <p(n—|y—hl—1) n+h17_1
to runs of Decreasing o's | Like increasing o's but replace H with —H.
consecutive

primes

**Need additional modifications to handle w, Q, 7.
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M d-T: . . . . . .

sl Question (Sierpinski, 1961): Are there arbitrarily long runs
Applications of consecutive primes p on which s4(p) is constant? increasing?
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Introduction @ Sierpinski (1961): s10(pn) < s10(pn+1) infinitely often.
Recent results
on bounded

gaps between @ Erdds (1962): s10(pn) > s10(pn+1) infinitely often.

primes

The

g 10 @ Sierpinski (1968): Assuming Dickson's prime k-tuples

Variants of conjecture, s10(pn) > 510(Pn+1) > S10(Pnt2) infinitely
the

Maynard-Tao Often .

theorem

Applications
to runs of

to runs of @ Schinzel (unpublished claim): Assuming Hypothesis H,
primes there are arbitrarily long runs of consecutive p on which
s10(p) is increasing (decreasing).
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primes For any base g, there are arbitrarily long runs of consecutive
primes p on which s4(p) is constant/increasing/decreasing.
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