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ABSTRACT. Let A be an abelian surface over F,, the field of ¢ elements. The rational
points on A/F, form an abelian group A(F,) ~ Z/mZ x Z/ninoZ x Z/ninansZ X
Z/ninansgngZ. We are interested in knowing which groups of this shape actually arise as
the group of points on some abelian surface over some finite field. For a fixed prime power
q, a characterization of the abelian groups that occur was recently found by Rybakov.
One can use this characterization to obtain a set of congruences on certain combinations
of coefficients of the corresponding Weil polynomials. We use Rybakov’s criterion to
show that groups Z/n1Z x Z/ninsZ X Z/ninensZ X Z/ninsngnasZ do not occur if ny
is very large with respect to ng, ng,ng (Theorem 1.1), and occur with density zero in a
wider range of the variables (Theorem 1.2).

1. INTRODUCTION

Let E be an elliptic curve over the finite field [F,,. It is well-known that the points on
E over F, form a finite abelian group E(F,) of “rank” at most 2, i.e.,

E(FP) ~ Z/TllZ X Z/?’LlTLQZ, (11)

for some positive integers ni,ny. It is natural to ask which groups arise in this manner
as p runs through all primes and as E runs through all curves over F,. Let S(Ny, N2) be
the set of pairs of integers ny < Ny, no < Ns such that there exists a prime p and a curve
E/F, for which (1.1) holds. The problem of estimating the size of S(Ny, Ny) was first
considered by Banks, Pappalardi, and Shparlinski in [1], who gave precise conjectures and
numerical evidence for this problem. In particular, they conjectured that the “very split”
groups (when n; is very large compared to ny) occur with density zero. This was proven
by Chandee, David, Koukoulopoulos, and Smith in [2], who showed that

#S(Nl, Nz) = Q(N1N2)

when N; > exp (Na/*™), or equivalently, when Ny < (log N7 )?~<. Positive density results

were also conjectured in [1] and proven in part in [2].

In this paper we examine analogous questions for abelian surfaces over finite fields.
Here and throughout, ¢ will denote the prime power p”, and A will denote an abelian
surface over the finite field F,. The points on A over F, possess the structure of a finite
abelian group A(F,) of rank at most 4, i.e.,

A(]Fq) ~ Z/THZ X Z/anLQZ X Z/nlngngz X Z/n1n2n3n4Z (12)

for some positive integers ny,ns, n3,ny. For the sake of convenience, we will use the
notation G(ny,ng,ng,ng) to refer to the group on the right hand side of (1.2). We then
want to study which of the groups G(n1, na, n3, ny) actually occur when we vary over all
finite fields F, and over all abelian surfaces A/F,.
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For fixed ¢, a characterization of the groups occurring as the group of points on a general
abelian variety was recently found by Rybakov [8, 9]. Rybakov’s elegant criterion relates
the Newton polygon of the characteristic polynomial of the variety to the Hodge polygon
of the group. The work of Rybakov may be viewed as generalizing Riick’s characterization
for elliptic curves [7] to abelian varieties of any dimension. We give a detailed description
of these results in Section 2.

As with the case of elliptic curves, we expect that the “very split” groups G(n1, na, ns, ny)
(viz., when ny,ny are large with respect to ns,ny) are less likely to occur. This is com-
patible with the general philosophy of the Cohen-Lenstra heuristics, which predict that
random abelian groups naturally occur with probability inversely proportional to the size
of their automorphism groups. Note that the very split groups have many more automor-
phisms than the cyclic group of the same size. In fact, Rybakov’s criterion shows that
whenever there is an abelian variety with N points over [Fy, the cyclic group of order N
will always occur.

We now state our main results. We recall that an abelian variety is simple if it is not
isogenous to a product of abelian varieties of lower dimension. Our first result is that
some groups never occur for simple abelian surfaces over I,. In particular, when n, is too
large with respect to ng,ns, ny, the group G(nq,ns, ng,n4) does not arise as the group of
points on any simple abelian variety over any finite field. This is different from the case
of elliptic curves, where such a statement is true only in a probabilistic sense, viz., very
split groups occur with density zero as proven in [2].

Theorem 1.1. Suppose that ny,no, n3, Ny are positive integers. If
ny > 6On§/4n§/2ni/4 +1,
then for every q, there is no simple abelian surface AJ/F, with A(F,) ~ G(n1,ng2,n3, ny).

We also show that fewer groups occur in a probabilistic sense. Our next result essentially
says that if ny or ny is very large compared to ng and n4, then G(nq, ns, ng, ng) occurs with
probability zero. Given Ny, Ny, N3, Ny > 1, we define S(Ny, Ny, N3, N,) to be the set of
quadruples (n1, ng, ng, ny) for which N; < n; < 2N; for 1 < j < 4 and there exists a prime
power ¢ and a simple abelian surface A/F, with A(F,) ~ G(n1,ns, n3,n4). Throughout,
we write f =o0(g) as z — oo if f/g — 0 as x — 0.

Theorem 1.2. [If
NN

Ny2NA e
as NoNy, — oo, then
#S(N1, No, N3, Ny) = o(N1 N2 N3 Ny)

as NolNy — 0.

2. WEIL POLYNOMIALS AND GROUPS OF ABELIAN SURFACES

A classification of simple abelian varieties over F, (up to F,-isogeny) is given by Tate-
Honda theory, which gives a one-to-one correspondence between isogeny classes of simple
abelian varieties over F, and conjugacy classes of Weil numbers (algebraic integers whose
conjugates have absolute value ¢'/2). This classification can be stated using the charac-
teristic polynomial of the Frobenius endomorphism 74 of A/F,. This polynomial, which
we denote by fa(7T), determines A up to isogeny, and it has Weil numbers as its roots.
For an abelian surface A/F,, we write

falT) = T* + a, T + a2 + ayqT + ¢*.
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The number of F,-rational points on A is equal to f4(1) and hence is an invariant of the
isogeny class. The fact that the roots of f4(7T) are Weil numbers implies that

(Vi—1)' < #A(F,) < (Vi+ 1" 2.1)
If A is a simple abelian surface, then fa(T) = ha(T)¢ where ha(T) is an irreducible
polynomial in Z[T'] whose roots are Weil numbers. Furthermore, the endomorphism al-
gebra Endg,(4) ® Q is a field if and only if e = 1. Computing the local invariants of
the algebra Endp, (A) ® Q allows one to obtain a correspondence between the set of sim-
ple abelian surfaces over F, such that Endp, (A) ® Q is a field and the set of irreducible
polynomials f(T') of degree 4 whose roots are Weil numbers and whose monic irreducible
divisors f;(T") over Q, have integer values of v,(f;(0))/v,(q). Here and throughout, we use
the notation v, to denote the usual p-adic valuation. Riick [6] gave the following explicit
characterization of these polynomials.

Theorem 2.1 (Riick). The set of fa(T) for all abelian varieties A over IF, of dimension
2 whose algebra Endg, (A) @ Q is a field is equal to the set of polynomials f(T) = T* +
a1 T? + axT? + a1qT + ¢* where the integers a; and as satisfy the conditions

(a.) lai| < 4¢"%, 2]ai|q"? — 2q < ay < a?/4 + 2q,

(b.) a? — 4ay + 8q is not a square in Z, and

(c.) either

(i.) vp(ar) = 0,vp(az) > r/2 and (as + 2q)* — 4qa? is not a square in Z,,

(ii.) vp(az) =0, or

(111.) vy(ar) > /2, vy(az) > r, and f(T') has no root in Z,.

The polynomials f4(7") corresponding to simple abelian surfaces A over F, whose al-
gebra Endr, (A) ® Q is not a field are much rarer. They can be described explicitly as
well.

Theorem 2.2 (Waterhouse, Xing). The characteristic polynomial fa(T) of any simple
abelian variety A of dimension 2 over F, whose algebra Endg, (A) ® Q is not field must
be of the form

(a.) fa(T) = (T% — q)* and r is odd,

(b.) fa(T) = (T?+ q)%, r is even, and p =1 (mod 4), or

(c.) fa(T) = (T? £ ¢'>T + q)?, r is even, and p = 1 (mod 3).

The group structures for these “exceptional” polynomials f4(7") were studied by Xing
in [12] and [13]. In the respective cases (corresponding to Theorem 2.2), Xing showed
that the group structures which arise are precisely
(a.) (Z)(q - VZ)?, (Z)22)* x (Z)522)°, or Z)2Z x Z)S2 T x Z) (q — 1)Z;

(b.) (Z/(q+1)Z)* or
(c.) (Z)(g+ ¢ +1)2)".

We refer the reader to [12] for a precise description of when each group corresponding
to the first case arises. Thus, the abelian surfaces A whose algebra Endr, (A) ® Q is not
a field give rise to very few groups G(ny,na,n3,nys). More importantly, ny,ny < 2 for all
such groups,and hence they do not satisfy the conditions of Theorem 1.1 or Theorem 1.2.
Therefore, we exclude this case from consideration for the remainder of the paper.

For the typical case of abelian surfaces whose algebra is a field, there is a very elegant
criterion due to Rybakov [8, 9] that characterizes those isogeny classes which contain
a variety A with A(F,) ~ G(ny,ng,n3,n4). The result of Rybakov applies to abelian
varieties of any dimension g > 1. We state it below in full generality and then for the
particular case of abelian surfaces. We first need some definitions.
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Let ¢ be a prime, and let Q(T) = >, Q;T" be a polynomial of degree d with Q(0) =
Qo # 0. The Newton polygon Np,(Q) is the boundary (without vertical lines) of the lower
convex hull of the points (7, 4(Q;)) for 0 <7 < din R% Now let 0 <my <my < --- < m,
be nonnegative integers, and let H = @)_, Z /(™ Z. The Hodge polygon Hp,(H,r) is the
convex polygon with vertices (4, Z;:l m;) for 0 <@ < r. Given an abelian group G, we
let Gy denote the ¢-primary component of G. The following is the main result of [8].

Theorem 2.3 (Rybakov). Let A be an abelian variety of dimension g over a finite field
whose algebra Endg, (A)®Q is a field. Let fa(T) denote its characteristic polynomial, and
let G be an abelian group of order f4(1) that can be generated by 2g or fewer elements.
Then G is the group of points on some variety in the isogeny class of A if and only if
Npy(fa(l =T)) lies on or above Hp,(Gy,2g) for every prime number €.

For the case of abelian surfaces, we rewrite the conditions of Theorem 2.3 explicitly as
follows.

Corollary 2.4. Let A/F, be an abelian surface, and suppose that Endg, (A) ®Q is a field.
Let fo(T) =T+ a,T? + ayT? + a1qT + ¢* denote its Weil polynomial. Then the isogeny
class of A contains a variety with group of points isomorphic to G(ny,ng,n3,ny) if and
only if

ninaning = fa(l) = ¢+ a1q+as +a; + 1 (2.2)
and
44 3a; +2ay+qa;, = 0 (mod nining), (2.3)
6+3a;+a; = 0 (modniny), (2.4)
44a; = 0 (mod ny). (2.5)

We remark that Corollary 2.4 implies that if f4(1) = NV, then the cyclic group of order
N occurs as a group of points on some abelian surface in the isogeny class of A since in
that case we have n; = ny = n3 = 1, so the congruences (2.3) — (2.5) are trivially satisfied.

3. KEY PROPOSITION

In this section we prove the following key proposition. As is somewhat common, for any
real number x, we write ||z|| for the distance between = and its nearest integer neighbor.
To ease notation, we define

= S may g, i) = | | £ 2nsymane € 2, (3.1)
1, M2, N3, T4 |2n3+/n2n4||  otherwise |

for any positive integers ni, ng, ng, ny.

Proposition 3.1. Suppose that A/F, is a simple abelian surface and that Endg, (A) @ Q
is a field. Suppose further that A(F,) ~ G(n1,n2,n3,ny). Then

10ny*n)/* 1
(577,;/4 ng/zln;/zni” '

Theorems 1.1 and 1.2 will follow from Proposition 3.1. Theorem 1.1 follows by spec-
ifying lower bounds for ||y/m/| that are valid for every integer m. For the details, see
Section 4. Theorem 1.2 follows from the fact that the triple sequence 2n3,/non, is uni-
formly distributed modulo one; we will prove this in Section 5.

First, we use the congruences of Corollary 2.4 to derive a simpler congruence on aj.

ny <
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Lemma 3.2. Suppose that q, a1, as, ni, ne, ng, and ny satisfy (2.2)—(2.5). Then
ay = —2(g+1) (mod n3ny).
Proof. Reducing (2.2) and (2.3) modulo njn3 yields
¢ +aqgta+a+1=0 (mod ninj),
4+ 3a; +2az +qa; =0 (mod nin3). (3.3)
Reducing the above congruences modulo n?n, and taking their difference gives
201 +ay +3—¢* =0 (mod niny).
Subtracting this from (2.4), we obtain
a1 +3+¢* =0 (mod niny). (3.4)
The remainder of the proof is devoted to showing that n?n,y | (¢ — 1)?, which together
with (3.4) implies the desired congruence a; = —2(q + 1) (mod n3ny).
Taking twice (3.2) and subtracting off (3.3) yields
2¢° +a1q—a; —2=0 (mod n’n3). (3.5)

From (3.4) we know that there is an integer k such that a; = —3 — ¢* + kn?n,. After
some slight rearrangement, plugging this expression for a; into (3.5) gives

knina(q—1)—(¢— 1> =0 (mod n3n3). (3.6)

Working prime by prime, we will show that (3.6) implies that n3ny | (¢ — 1)%. To this
end let ¢ be an arbitrary prime, and suppose that vy(n?n,) = r. Then we want to show
that v((q — 1)?) > r. Assume for the sake of contradiction that v,((¢ — 1)) < r. Since
ve(kn2ny) > r, it follows that vy(kn3ny — (¢ — 1)?) = ve((q — 1)?), and hence

ve(kning(q —1) — (¢ — 1)%) = vy(q — 1) + ve(kning — (¢ — 1)*) = 3u(qg — 1) < 3—;

On the other hand since n?n2 divides kn?ny(q — 1) — (¢ — 1), it follows that

3r 3
3vp(n1) + 2ve(ng) < vp(kning(q —1) — (¢ — 1)%) < 5 = 5(21/[(711) + ve(ng)).
However, this implies that v4(ny) < 0, which is impossible since n, is an integer. 0

Lemma 3.3. Suppose that A/F, is a simple abelian surface, Endg, (A) @ Q is a field, and
A(F,) ~ G(ny,ng,nz,ny). If fa(T) =T+ a,T? + aoT? + qaa T + ¢* is the characteristic
polynomial of A/IF,, then there exists an integer k such that

ay = kn3ny —2(q+ 1)

and

zng\/m<£:>2<k<2n3m(£i>2. (3.7)

Proof. By Theorem 2.1(a), we know that —4,/q < a; < 4,/q. By Lemma 3.2, there exists
an integer k such that a; = ningk — 2(q + 1). Substituting this into the bounds for a;
and adding 2(¢ + 1) to each side of the inequalities yields

2q — 4\/q + 2 < ningk < 2q + 44/q + 2.

Factoring and dividing through by n2n, allows us to obtain

2 —1)2 2 +1)2
WI-1F Va1
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Since #A(F,) = ninin3ny, the Weil bound (2.1) implies that

a-1° < n’ny < Ga+1?

ngy/mang T ngy/mang
Together these bounds imply (3.7). O

For ¢ large enough, the interval from Lemma 3.3 will contain at most one integer k. The
following lemma makes this statement precise. Recall the definition of § given by (3.1).

Lemma 3.4. If \/q > 10n3,/nany /0, then the interval (3.7) contains no integral values
of k unless 2n3\/nonyg is an integer, in which case k = 2n3\/nony.

Proof. To further ease notation, let m = 2ns3/nany. Note that the interval (m — 0, m+ )
does not contain an integer unless m = 2ng./nony is itself an integer, in which case it is
the only such integer. Since

(£i1)2:1+% and (%11)2:1_i

(Va+1)*
it follows that the interval (3.7) is contained in the interval (m — §, m + J) if and only if
4
(Va—=1)

Factoring the latter inequality and dividing by § yields

0§<\/§—2m+6_2(;/m2+m6> (\/a_2m+5+25\/m2—l—m5>. (3.8)

Now, since

2m 4§ — 2v/m? + mo <1
5 — )
it follows that (3.8) holds if and only if

2
Vi 2m+5—|—2(,5\/m +m5'

However,
2m + 6 + 2vm? +md < 2m+1+2y/m?>+m+1/4  4m+2 < 5m
J - J I R
and so (3.8) holds if \/g > 5m/§ = 10n3./nang /6. O

Proof of Proposition 3.1. First, suppose that k = 2ng,/nsny is an integer and

ay = kniny —2(q+1) = 2nfn§/2n3n}l/2 —2(g+1).

Then substitution into (2.2) gives
ag = ninining, — 1 — <2n%n§/2n3ni/2 —2(q+ 1)) (q+1)—¢*
Under these assumptions, we then find that
a? —4ay +8q = 0.

According to Theorem 2.1(b), this contradicts the assumption that Endr, ® Q is field.
Therefore, by Lemmas 3.3 and 3.4, regardless of whether 2n3,/nsny is an integer, we see



ABELIAN SURFACES OVER FINITE FIELDS WITH PRESCRIBED GROUPS 7

that if A(F,) ~ G(ny,n2,n3,n4) and Endr, ® Q is a field, then /g < 10n3,/nyny /0. Using
this together with the Weil bound (2.1), we have that
n1n3/4n2/4n1/4 < g+ 1< 10n3y/nang/d + 1.

Whence,
1On:1),/ Zni/ * 1

1/4 3/4_1/2 _1/4°
ons, ny ns' “n,

n <

4. PROOF OF THEOREM 1.1

The proof of Theorem 1.1 can be deduced from the following simple observation, which
gives a lower bound for ||2n3,/nang||. As usual, for any real number =, we write [z] for
the largest integer less than or equal to x, and {z} = x — [z] for the fractional part of .

Lemma 4.1. Let m be an integer that is not a perfect square. Then

Vmll > == \/—

Proof. Since /m = [\/m] + {y/m}, upon squaring both sides, we find that
[Vml]* +2{vm}[vm] + {Vm}®

[Vm]? + (vVm + [Vm)){v/m}

< [vm]? + 2v/m{v/m}.

Therefore, since 1 < m — [y/m]?, we have {y/m} > 1/2 /m.
Similarly, since we can write v/m = [y/m] + 1 — (1 — {y/m}), we have that

([Vm] +1)* = 2(1 = {V/m})([Vm] + 1) + (1 = {v/m})”
([Vm] +1)* = (Vm + [Vm] + 1)(1 = {Vm})
([vVm] +1)* = 2v/m + 1)(1 = {Vm}).

Therefore, since 1 < ([y/m]+1)? —m, we obtain 1 —{y/m} > 1/(2y/m+1) > 1/3y/m. O

§§§

m

33

v

Proof of Theorem 1.1. By Proposition 3.1, if there is a prime power ¢ and a simple abelian
surface A/F, with group G(nq, ng, ns,ng), then

10ny*n}/* . 1 100y *n}/*
5n§/4 n§/4n;,/2ni/4 N 5n§/4

+1,

where ¢ is as defined by (3.1). By Lemma 4.1,

1/4 3/2 3/4+1

since § > (6nzy/nang) L. O

ny < 60n,
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5. PROOF OF THEOREM 1.2

In this section we use the standard notation f < g to mean that there exists a pos-
itive constant ¢ such that |f| < cg. We also use the notation n < N (in a somewhat
nonstandard way) as a shorthand for N <n < 2N.

To prove Theorem 1.2, we use the fact that for most triples of integers (ns, n3, ny) with
n; =< N; (2 < j < 4), the distance between 2n3./nany and the nearest integer is larger than
any function tending to zero as No Ny, — co. This follows from the uniform distribution of
2n3,/nyns modulo one; see Theorem 5.6 below. For the sake of completeness, we review
much of the relevant material here.

Let

T(Nz, N3>N4) = {(712,”3,”4) :ng X Na,ng < N3, ny < N4},

and let { f(n2,ns,ny) : no,ng,ng > 1} be any triply indexed sequence of real numbers. For
0<a<p<l,let

Z;(Na, N3, Ny; v, ) = # {(ng,n3,na) € T(Na, N3, Ny) : o < {f(ng,n3,n4)} < B},

where, as in the previous section, { f(n2, ng,n4)} denotes the fractional part of f(ng, ns, ny).
We say that the sequence f(ns,ns3,n4) is uniformly distributed modulo one if

lim Z¢(Na, N3, Ny; at, B)
N2,N3,Ng—00 N2N3N4

=p—-a.
By Weyl’s criterion, this is equivalent to showing that

Ey (N, N3, Ny) := E e (kf(ng,n3,ng)) = o (NaN3Ny)
TLQXNQ,
nng3,
ng <Ny

for every integer k # 0. As usual, we have written e(x) = €2™®. We can put this equiva-
lence in quantitative form using the Selberg polynomials. This is explained in Chapter 1 of
[5] for a sequence of one variable. The proof for a sequence of three variables f(nq, ns, n4)
follows along the same lines. The next theorem is then the analogue of [5, Chapter 1,
Theorem 1] for triple sequences.

Theorem 5.1. Let f(ng,ng,ny) be a sequence of real numbers, and let 0 < a < f < 1.
Then

’Zf(N% N3, Ny; v, B) — (B — a) #T (N2, N3, Ny)|

K
< #T(N%N?)’N‘l) + 22 (; + min (ﬁ —Q, i)) |Ek(N27N37N4)‘ (5'1>
k=1

- K+1 K+1 k

for any positive integers No, N3, Ny, and K.

Proof. For each positive integer K, let

Skn)= > Skk)e(kn)

—K<k<K
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be the Selberg polynomial upper bounding the characteristic function of [« 8] as defined
in [5, p. 6]. Then

Zf(N27N3aN4;a76) S Z Sl—i(_'(f(n%n?);nzl))

ngx<Ny
n3<Ng
ng <Ny
= g S;g(k) E e(kf(ng,ng, ny)).
—K<k<K ng=<Ng
n3xN3
nyg <Ny
Now, since
~ 1
ST(0)=8— B ——
x0)=p8—a+ K+l
and

EO(N27N37 N4) - #T(NQ,N?,, N4)7

we have that

Zf(NQaN3>N4;CY7B) - (5 - Oé) #T (N2, N3, Ny)

T (N 7N‘>N g
c# (K2+15 1) > Si(k)Ep(Na, N3, Ny).
—K<k<K

k#0

It follows from properties of Selberg polynomials that

— 1 1
+ < : _ -
1S (k)| < o1 + min (ﬁ a, W’M)

for 0 < |k| < K. See [5, p. 8] for example. Combining the inequalities from above, we
have

Z§(Na, N3, Ny, B) — (B — a) #T (N2, N3, Ny)
T (Na, N3, N. _ 1
< # ( 2 3 4) +2 Z (K—+Hlln (5—(1,%)) ’Ek(N27N37N4)|.

- K+1

Using the Selberg polynomials Si(n) as defined in [5, p. 6], the other inequality follows,
as does the theorem. d

For the remainder of the paper, we will specialize to the the sequence f(ns,ns,ngy) =
2n3+/nony. We now bound the sum appearing in Theorem 5.1 to show that the sequence
2n3,/nyny is uniformly distributed modulo one. In order to obtain our result without any
conditions on the relative sizes of the parameters Ny, N3, Ny, we bound the sum appearing
in (5.1) in two different ways (Lemmas 5.3 and 5.5). First, we use the following result
from [4, p. 77].

Lemma 5.2. Let g(t) be a real, continuously differentiable function on the interval [a,b],
with |¢'(t)] > A >0, and let N > 0. Then

5 win (N, 1/lan)l} < (900) - @) + 1) (N + o0 a+2) ).

Lemma 5.3. For every e >0 and K > 1,

1
> = | Eu(N2, Ny, Ni)| < (NoN)Y#ENG K + (NoNy) e log 2K

k<K
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Proof. Let

=2 2 L

no<No "L4AN4

and note that b,, < n?/2. Recall the well-known bound
Y " e(an) < min {N,1/|laf|} .
n=N

See [3, p. 199] for example. Applying Lemma 5.2, we have

Z%\Ek(NQ,Ng,N4)\:Z% > e > e(2kn'ng)

k<K k<K ' NoNi<n<4NaNi n3=N3
1 1
€/2 - : -
SEROTD DL D fom
k<K " NoNi<n<4NaNi

< (NaNy)F ) " (NoNy)Y? (N3 + k™ (N2N4)'/? log (2N Ny))

k<K
< (NoNy)® ((NaNy)2N3 K + (NoNy) log 2K) .
O

We now bound the same sum using the following consequence of the van der Corput
method found in [10, p. 94].

Lemma 5.4. Let g(t) be a twice continuously differentiable function on the interval [a, b]
such that |g"(t)] < A > 0. Then

Z e(gin)) < (b—a+ 1))\1/2 412,
a<n<b
Lemma 5.5. For every K > 1,

1
D 7 VBN, No, No)| < KNG (No NG/ o NP (N5 N
k<K

Proof. We first apply Lemma 5.4 with g(t) = 2kns\/nat, noting that |g” (t)| = knsy/ng/2t%/2.
This yields

1 1
>0 BN, No Nyl < D7 7 (N3 /)2 4 N (kg /) )

kSK kSK n2XN2,
ngXNg

< NJAK'VANEP N 4 NYANL NS
Then, applying Lemma 5.4 again with ¢g(t) = 2knsy/nst, we see that the same bound
holds with the roles of Ny and N, reversed. Therefore, we have
1 .
D> g [Bu(No, Ny, No)| << KNG min{ NGNS NG PN NP2 (NN )
k<K
< KNP (NoNG )™ 4+ Ny (NN, )P/,
0

Combining Lemmas 5.3 and 5.5, we now show that the triple sequence 2ng,/nony is
uniformly distributed modulo one.
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Theorem 5.6. Let Ny, N3, Ny > 1, and 0 < a < < 1. Then

Z¢(Na, N3, Ny;
lim f( 2,4V3, 470556) _ 5 — .
NoNg—o0 N2N3N4

Remark. Note that we do not require that each of Ny, N3 and N, tends to infinity in the
above limit. Rather, we only require that the product No Ny — oo.

Proof. Fix 0 < € < 1/16. Applying Lemmas 5.3 and 5.5 with K = (NoN,)'/4, we see that

1 . .
§ :E |Ep(Na, N3, Ny)| < (NaNg ¥4 Ny 4+ min{ (Na Ny ), N32(N,N,)7/8}
k<K

< (N2N4)3/4+5N3 + <N2N4)15/16+5N§>/4‘

Since (with this same choice of K) we have NoNsN,;/K = (NoN,;)**N3, using the above
bound in Theorem 5.1 yields the theorem. U

Proof of Theorem 1.2. Let F(Ny, Ny) be any function tending to infinity with Ny N, and
satisfying the bound

NN
18N, 2N,/
Without loss of generality, we may assume that Ny Ny is large enough that F'(No, Ny) > 1.
Hence, we may write

#S(Nla NQ; N3)N4) - #Sl(Nh N27N37 N4) + #SQ(Nh N27N37 N4)7

F(Ny, Ny) < (5.2)

where
SI(N17N27N3;N4) = {(nlan27/n’37n4) S S<N17N2aN37N4 ||2n3\/ n2n4|| S 1/F(N2aN4)}7
52(N17N27N37N4) = {(n17n27n37n4) S S(N17N27N37N4 H2n3\/ n2n4|| > 1/F(N27N4)} .

)
It follows from Theorem 5.6 that #S;(Ny, No, N3, Ny) = o(N1NoN3Ny) as NoNy — oo.
On the other hand, if (ny,ng, ng,ng) € Sa(Ny, No, N3, Ny), then by Proposition 3.1

10nY2nt/4 1
N, <ny < 34 +
[|2n3+/nany| \né“ n;’/4n§/2ni/4
_ 10(2N3)Y/2(2N,) /4 1
1/F(No, NON,/* NYANI2N/A
]\/'?}/2]\741/4

< 18F (N, Ny
(NN ) NI/A

2

However, this contradicts our choice of F'(Ng, Ny) that satisfies (5.2). Therefore, we
conclude that SQ(Nl, NQ, N3, N4) is empty, and hence S(Nl, N27 Ng, N4) = Q(N1N2N3N4)
as No Ny — o0. O
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